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SLICELY COUNTABLY DETERMINED BANACH SPACES 



ANTONIO AVILES, VLADIMIR KADETS, MIGUEL MARTIN, JAVIER MERI, 
AND VARVARA SHEPELSKA 



Abstract. We introduce the class of slicely countably determined Banach spaces which 
contains in particular all spaces with the RNP and all spaces without copies of £i. We 
present many examples and several properties of this class. We give some applications to 
Banach spaces with the Daugavet and the alternative Daugavet properties, lush spaces and 
Banach spaces with numerical index 1. In particular, we show that the dual of a real infinite- 
dimensional Banach with the alternative Daugavet property contains £i and that operators 
which do not fix copies of £i on a space with the alternative Daugavet property satisfy the 
alternative Daugavet equation. 



1. Introduction 

The aim of this paper is to introduce the class of shcely countably determined Banach 
spaces, give many examples and several properties of this class and, finally, to use this concept 
to give some applications to Banach spaces with the Daugavet property and to Banach spaces 
with numerical index 1. Let us introduce the needed notation and definitions. 

Given a Banach space over K (K = R or K = C), we write Sx for its unit sphere and Bx 
for its closed unit ball. The dual space of X is denoted by X* and L{X) is the Banach algebra 
of all bounded linear operators from X to X. The space X has the Daugavet property [T^ if 
every rank-one operator T € L{X) satisfies 

(DE) ||id + r|i = 1 + ||r||. 

In this case, all operators on X which do not fix copies of ii (in particular, weakly compact 
operators) also satisfy (IDEj) [29] . If every rank-one operator T £ L{X) satisfies the norm 
equality 

(aDE) max||Id-h(9r|l = 1-h llril 

6»GT 

(T being the set of modulus one scalars), X has the alternative Daugavet property [25] and 
then all weakly compact operators on X also satisfy (laDEj) . A Banach space is said to have 
numerical index 1 p3j if every T G L{X) satisfies that v{T) = |[T||, where 

v{T) = {\x*{Tx)\ : x£Sx,x* e Sx*, x*{x) = l} 
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is the numerical radius of the operator T. It is known |13| that 

v{T) = \\T\\ <^ T satisfies jaDE]). 

Then, X has numerical index 1 if and only if every T € L{X) satisfies (laDEj) . It follows from 
the above discussion that 

[ Daugavet property] > (Alternative Daugavet property] (Numerical index l] 

None of the above implications reverses in general |25l Example 3.2]. For the first implication, 
it is even known that it is not reversible under any isomorphic property [25j Corollary 3.3]. 
On the other hand, it is known that the second implication reverses for Asplund spaces and 
for Banach spaces with the Radon-Nikodym property [231 Remark 6]. We refer the interested 
reader to [13 dH UHl [21] and the already cited references for recent results, more information 
and background on these properties. 

We will say that X is slicely countably determined [SCD in short) if every bounded convex 
subset ^ of X is an SCD set, i.e. there is a sequence {S„ : n € N} of slices of A such that 
A C conv(S) whenever B ^ A intersects all the S'n's. Here a slice of a convex set A is the 
subset given by 

S{A,x*,e) = {x e A : Rex*(a;) > sup Rex* (A) - e} 

and conv(-) stands for the closed convex hull. This isomorphic property, which clearly implies 
separability, is sufficient to get numerical index 1 from the alternative Daugavet property and 
it is weaker than both RNP and being Asplund (for separable spaces). Actually, this property 
is satisfied by both separable strongly regular spaces and separable Banach spaces which do 
not contain copies oi li. This is the main motivation of the study of SCD spaces. 

In section [2] we study SCD sets, giving examples and elementary properties. We show, for 
instance, that the sequence of slices can be replaced by a sequence of relatively weakly open 
sets or by a sequence of convex combinations of slices. In section [3] we study SCD spaces and 
show some stability properties. For instance, it is a three space property, so it is stable for 
finite sums, and it is stable for some infinite unconditional sums. 

Since it is not easy to deal with Banach spaces with numerical index 1, there are in the 
literature several geometrical sufficient conditions (see [I8j), the weakest one being the so- 
called lushness. A Banach space X is said to be lush [8j if for every x, y G Sx and every e > 0, 
there is a slice S = S{Bx,x*,e) with x* G Sx* such that x € 5 and dist (y, aconv(5)) < e 
(where aconv(A) denotes the absolutely convex hull of the set A). Lush spaces have numerical 
index 1 [HI Proposition 2.2], but it has been very recently shown that the converse result is 
not true [17]. We refer to [7],l8] for background. 

It is actually shown in section 3] that an SCD Banach space with the alternative Daugavet 
property is lush. This result allows us to show that £i embeds in the dual of every real 
infinite-dimensional Banach space with the alternative Daugavet property. This answers in 
the positive [THJ Problem 18]. 

Section [5] is devoted to SCD-operators and hereditary-SCD-operators. A bounded linear 
operator T : X — > Y between two Banach spaces X and Y is said to be an SCD-operator if 
T{Bx) is an SCD set, and T is a hereditary-S CD-operator if every bounded convex subset of 
T{Bx) is SCD. We show that SCD-operators on a Banach space with the alternative Daugavet 
property satisfy (jaDEp . Therefore, operators which do not fix copies of li on a Banach space 
with the alternative Daugavet property satisfy (laDE|) . For a Banach space with the Daugavet 
property it is shown that every SCD-operator is strong Daugavet (and so it satisfies (IDE|) ). 
and every hereditary-SCD-operator is narrow. 
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Section [6] is devoted to the study of sets with a countable vr-base of the weak topology. 
It is shown in section [2] that these sets are SCD, but it is not known whether the converse 
result is true. It is also shown in section [2] that separable sets without ii sequences have 
countable vr-bases of the weak topology, and in this section we show that the same is true for 
CPCP sets and for bounded convex subsets of both co(^i) and ii{co). We also show some 
characterizations of SCD sets which remind of the existence of countable vr-bases of the weak 
topology. One of these characterizations allows us to show that the set of extreme points of 
the weak*-closure (in the bidual space) of an SCD set has a countable vr-base of the weak* 
topology, and so it is weak* separable. The set of extreme points of a convex set B will be 
denoted by ext(i?). 

Finally, section [7] contains several open questions. 

2. Slickly countably determined sets 

Definition 2.1. Let X be a Banach space and let ^ be a convex bounded subset of X. A 
countable family {Vn : n G N} of subsets of A is called determining for Aii A CI conv(i?) for 
every B C A intersecting all the sets Vn- Equivalently, {Vn ■ n G N} is determining for A if 
for every sequence {fn}neN with Vn ^ Vn (n G N), one has A C conv({f„ : n G N}). 

We give three easy observations which will be useful later on. The first one is a consequence 
of the Hahn-Banach theorem. The second and third ones are straightforward. 

Proposition 2.2. Let X be a Banach space and let A be a convex bounded subset of X. A 
sequence {Vn ■ n G N} of subsets of A is determining if and only if every slice of A contains 
one of the Vn- 

Proof. The "if" part is evident: if B C A intersects all the Vn, then it intersects all the slices 
of A, and then by the Hahn-Banach theorem conv(i?) D A. Now the "only if" part. Assume 
that some slice of ^4 does not contain any of the Vn- Then ^\5' is a convex relatively closed 
subset of A intersecting all the Vn- But A \ S ^ A, which means that {Vn ■ n G N} is not 
determining. □ 

Remark 2.3. Let X be a Banach space and let A be a convex bounded subset of X. Suppose 
that there is a sequence {an : n G N} of points in A such that A C conv({a„ : n G N}) and 
that for every n G N, there is sequence {Vn^m ■ m £ N} of subsets of A such that an G conv(i?) 
whenever B C A intersects Vn,m for every m G N. Then, the family {Vn,m '■ n,m £ N} is 
determining for A. 

As an immediate consequence of the above result, we get the following. 

Remark 2.4. Let X be a Banach space and let A be a separable convex bounded subset of 
X. Suppose that for every a £ A there is a sequence {V^ : m G N} of subsets of A such that 
a G conv(i3) whenever B Q A intersects V^ for every m G N. Then, taking a dense sequence 
{on : n G N} in A, the family {V^^ : n, m G N} is determining for A. 

We can now give the main definition of this section. 

Definition 2.5. A convex bounded subset Aofa Banach space X is said to be slicely countably 
determined {SCD set in short) if there is a determining sequence of slices of A. 



Two remarks are pertinent. 
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Remark 2.6. It is clear from the definition that every SCD set is separable. 

Remark 2.7. A convex bounded subset A of a Banach space X is SCD if and only if the 
closure of A is an SCD set. 

Proof. Let us show first that A is SCD when A is. Consider a determining sequence of sHces 
Sn = S{A,x^,£n) {n G N) for A, and let us prove that the shoes = , en/2) (n G N) 

form a determining sequence for the closure of A. Consider an arbitrary slice S = S{A,x*,e) 
of A. Then, S(A,x*,e/2) f] A = S{A,x*,e/2) is a shoe of A, so there is n e N such that 
S{A,x*,£/2) 5 Sn by Proposition 12.21 Therefore, S contains the closure of 5„, which in turn 
contains S'^, and again Proposition 12.21 gives us that {S'^} is determining for A. 

For the converse implication, we consider a determining sequence {5(^,a;*,e„) : n € N} 
for A, and it is straightforward to show that : n G N} is determining for A. □ 

Our fist goal is to present the basic examples related to Definition [231 Radon-Nikodym and 
Asplund sets are SCD, whereas the unit ball of a Banach space with the Daugavet property 
is not. 

We start with subsets having sufficiently many denting points. Let X be a Banach space 
and let ^ be a closed convex bounded subset of X. A point of A is said to be a denting point 
if it belongs to slices of A of arbitrarily small diameter. We write dent (A) to denote the set of 
denting points of A. We say that A is deniable (in the sense of Ghoussoub-Godefroy-Maurey- 
Schachermayer [141 §111]) if ^ = conv (dent(^)) [m Proposition IIL3]. 

Proposition 2.8. Let X be a Banach space and let A be a closed convex bounded subset of 
X. If A is separable and deniable, then A is SCD. 

Proof. Since A separable, so is the set of its denting points, so we may find a countable 
collection of denting points {a^ : n € N} of A which is dense in dent(^). Now, for every 
n, m G N, we consider a slice Sn,m of A containing a„ and having diameter less than 1/m. 
Then, the sequence {Sn,m '■ n, m G N} is determining for A. Indeed, if B C A intersects all 
the Sn,m, then On £ B for every n G N, so 

A C conv (dent (yl)) = conv({o„ : n G N}) C conv(i?) = conv(i?). □ 

We recall that there is a concept of Radon-Nikodym set (defined in terms of vector measures) 
which is equivalent to dentability of all its closed convex bounded subsets (see [31 §5] or [6l 
§2]). 

Example 2.9. Let X be a Banach space and let A be a closed convex bounded separable 
Radon-Nikodym subset of X. Then, A is an SCD set. 

The norm || ■ || on a Banach space X is said to be LUR at xq G Sx, if hni — a;o|| =0 
whenever {xn)nGN ^ Bx is such that lim + xo|| = 2. If the norm is LUR at each point 
of Sx, we say that X (or its norm) is LUR (see pjj, Chapter II] for background). It is clear 
that every point in the unit sphere of a Banach space X with a LUR norm is denting so, in 
this case, Bx is dentable. 

Example 2.10. Let X be a separable Banach space with a LUR norm. Then, Bx is SCD. 

It is well known that every separable Banach space admits a LUR renorming (see [TTl 
Theorem II. 2. 6.]). Therefore, the following result follows immediately from Proposition 12.81 
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Example 2.11. Every separable Banach space X admits an equivalent norm \ ■ \ such that 
B(x,\-\) is an SCD set. 

Our second family of elementary examples of SCD sets deals with the so-called Asplund 
property, a concept related to differentiability of convex continuous functions, which can be 
equivalently reformulated in terms of separability and duality (BJ §5]. A separable closed 
convex bounded subset ^ of a Banach space X has the Asplund property if and only if the 
semi-normed space {X*,pa) is separable, where 

Pa{x*) = sup{|x*(a)| : aeA} {x* e X*). 

Of course, separable closed convex bounded subsets of Asplund spaces have the Asplund 
property. 

Example 2.12. Let X be a Banach space and let A be a closed convex bounded subset of 
X. If A is separable and has the Asplund property, then, A is SCD. 

Proof. We take a pA-dense countable family {x* : n € N} in {X*,pa), and consider the slices 

S„^m = S{A,x^,l/m) (n,mGN). 

We are done by just proving that if {vn,m ■ n, m € N} satisfies that Vn,m G Sn,m for every 
n, m E N, then 

A C conv {{vn,m ■ n,m G N}) . 
Indeed, suppose to the contrary that there are a & A, x* £ X* , and 6 > such that 

Rex* (a) > supKe x*{vn,m) + 5- 

n.m 

Now, we may find N such that PAix%- — x*) < 6/2 and so 
Rea;^(o) + 5/2 > Rex*(a) > supRex*(f„^m) + 6 

n,m 

^ supHe X* {v N ,m) + 6 > supRex^(t>Ar^m) + 6/2 = supRex^(j4) + 5/2, 

m m 
a contradiction. □ 

We now show that there are convex bounded subsets of separable Banach spaces which are 
not SCD. 

Example 2.13. Let X be a separable Banach space with the Daugavet property. Then, Bx 
is not an SCD set. In particular, -B(7[o.i] ^-nd Sli[o,i] not SCD sets. 

Proof. Fix xq € Sx and an arbitrary sequence of slices {Sn)nm- We will get the result by 
showing that there is a sequence {xn)n<=N such that Xn € for every n G N and such that 
xq ^ lin{x„ : n G N}. To do so, we use [19j Lemma 2.8] which says, in particular, that for 
every finite-dimensional subspace Y C X, every e > 0, and every slice S of Bx, there is an 
X G S such that 

||y + tx|| ^ (l-e)(||y|| + yyeY. 
Using this result, one can select inductively elements x^ € 5„, n G N, in such a way, that 

\\y + txn\\ ^ - ^) (llyll + 1*1) {y ^ ^^^i^k ■ k < n}). 

Then, {xn ■ n = 0, 1, . . .} form a sequence equivalent to the unit vector basis of £i, so xq is 
not in the closure of linjx^ : n G N}, as desired. □ 



6 



AVILES, KADETS, MARTIN, MERI, AND SHEPELSKA 



For the case of C[0, 1], it is possible to give a direct proof without using the Daugavet 
property, which we include here for the sake of completeness. 

Example 2.14. If K is an uncountable metrizable compact space, then the unit ball ofC{K) 
is not an SCD set. 

Proof. Let ^A he a maximal family of mutually orthogonal continuous measures in C{K)* . 
This induces a decomposition of C{K)* as 



c{Ky 



(BiiiiK), 



where ii{K) is the family of all discrete measures (see [U pp. 84-85], for instance). As a 
consequence, we have 



(2) C{Ky 



Let us write the slices of -Bc[o,i] in the form 

U[v,a\ = {x G Bci^K) '■ Rez/(j;) > a}, 

where u G C{K)* , ||j^|| = 1, and — 1 < a < 1. Suppose, for the sake of contradiction, that 
there existed a countable family of slices Bq such that every other slice contains one from the 
family. Then, for every fi G Ai, there exist = U[iy^,afj] G Bo such that V"^ C U[fi,0]. 

Now, for each i' G C{K)* we write 

Suppj^{u) = {fx e M : /i / i^}. 

Notice that this is a countable set which corresponds to the support of v in the left-hand side 
of the decomposition ([T]). We claim that fj, G Supp^(t'^) for every fi £ ^A. This leads to a 
contradiction with the facts that Bq and all the sets Suppj^{Ufj,) are countable, while A4 is 
uncountable. Let us prove the claim. Suppose that fi Supp^(f^) and let g be an element 
of the unit ball of C{K)** where attains its norm. Consider / G L°°{fi) the /x-coordinate of 
g when we view g as an element of the £oo-sum according to ([2|) . Let now g' be the element of 
C{K)** obtained from g by changing the //-coordinate from / to — /. This is a new element of 
the unit ball of C{K)** which satisfies that g'{fi) = —gin) while g'{v^) = giy^i) = 1- Hence, 
for either h = g ov h = g',we have an element h in the unit ball of C{K)** such that h{i'fj_) = 1 
and h{fj.) < 0. Since the unit ball of C{K) is dense in the unit ball of C{K)** , it follows that 

Remark 2.15. A subset of an SCD set is not necessarily SCD. Indeed, let X = C[0, 1]. By 
Example 12. Ill there is an equivalent norm | ■ | on X such that A = B(^x,\-\) is SCD. Now, it is 
possible to find A > such that C = X B(^x,\\-\\^) is contained in A. Finally, C is not SCD by 
Example I^T^ 

Our next goal is to extend the above preliminary examples to more intriguing ones. We 
will use several times the so-called Bourgain's lemma [H Lemma 5.3] (it was rediscovered in 
|29|). so we state it for the sake of completeness. We refer the reader to [121 Lemma 7.3] for 
a reference easier to get. We recall that a convex combination of slices of a convex bounded 

m 

subset ^ of a Banach space X is a subset of A of the form ^ Aj Si where Aj > 0, ^ A^ = 1 

k=l 

and the 5, 's are slices of A. 
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Lemma 2.16 (Bourgain's lemma). Let X be a Hausdorff locally convex space and let K C X 
be closed bounded and convex. Then, every nonempty relatively weakly open subset of K 
contains a convex combination of slices. 

Remark 2.17. Tie condition of closedness of the set in Bourgain's lemma can be omitted. 
Indeed, let A be a convex bounded set and let U he a relatively weakly open subset of A. 
We denote by F a relatively weakly open subset of A such that V H A = U . By Bourgain's 
lemma, there are slices Si, S2, . . . , 5„ of A and coefficients Afc > of a convex combination, 
such that Yli hSk ^ V. Then, SkCiA are slices of A and Yli >^kSk nA<ZVnA = U. 

The first consequence is an easy observation. 

Proposition 2.18. In the definition of SCD sets, instead of slices one can take convex combi- 
nations of slices. Hence, by Bourgain's lemma above, one can also take relatively weakly open 
subsets. 

Proof. Let {Vn ■ n € N} be a determining sequence formed by convex combination of slices 
of A. Now, for every n G N, there exists a collection of slices {Sn,m ■ m = 1, . . . and 

positive numbers {Xn,m ■ m = 1, . . . with Yl ^n,m = 1, such that Yl K,mSn,m C K- 

m=l m=l 

Then, the collection of slices {Sn,m '■ n € N, 1 ^ m ^ A;„} is determining for A. Indeed, let 
i? be a subset of A such that B n Sn,m / for all n, m, and consider bn,m & B n Sn,m for 

every n, m. If we take = Y ^n,mbn,m, it is clear that a„, € conv(i?) n Vn- So we know 

m=l 

that conv{B) n y„ / for all n, which by the assumption gives us that conv(S) ^ A. 

Finally, if A has a determining sequence of relatively weakly open subsets {Vn ■ n G N}, 
Bourgain's lemma allows us to find convex combinations of slices inside the Vn's and the proof 
above shows that A is SCD. □ 

The first consequence of this result is that Proposition 12.81 can be extended from dentable 
sets to huskable sets (the same definition with relatively weakly open sets instead of slices). 
With not much work, we are going to extend the result to the following more general setting. 
A closed convex bounded subset ^ of a Banach space X has small combinations of slices 
[131 [26] if every slice of A contains convex combinations of slices of A with arbitrarily small 
diameter. 

Theorem 2.19. Let X be a Banach space and let A be a separable closed convex bounded 
subset of X having small combinations of slices. Then, A is an SCD set. 

Proof. By |l4, Corollary III. 7], for every x G A and every e > 0, there is a convex combination 
of slices of A contained in B(x,£). Now, we take a countable dense subset {x„ : n € N} of 
A and for (n, m) e N x N, we take I4,m a convex combination of slices of A contained in 
B{xn, 1/m). Then, if B Q A intersects all the Vn^m, it intersects also all the balls B{xn, l/m). 
Therefore, the set {xn ■ n S N} is contained in B and so, A = coiav{B). Finally, Proposi- 
tion EIH] gives us that ^ is SCD. □ 

RNP sets have small combinations of slices, so the above result extends Example 12.91 Even 
more, strongly regular sets (in particular, huskable sets, CPCP sets) have small combinations 
of slices [14i Proposition III. 5]. We recall that a closed convex bounded subset ^ of a Banach 
space is said to be strongly regular if every non-empty convex subset L of A contains a convex 
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combination of slices of L of arbitrarily small diameter. A has the convex point of continuity 
property ( CPCP in short) if every convex closed subset B oi A contains a weak-to-norm point 
of continuity of the identity mapping. In this case, for every convex subset B A and for 
every e > 0, there is a relatively weakly open subset C B with diam(C) < e [5]. 

Corollary 2.20. Let X be a Banach space and let A be a closed convex bounded subset of X. 
If A is separable and strongly regular, then A is SCD. In particular, separable CPCP sets are 

sen. 

Our next aim is to extend Example l2.12l to sets which do not contain ii sequences. We need 
the following topological definition. By a n-base of a topological space (T, r) we understand 
a family {Oi : z G /} of nonempty open sets such that every nonempty open subset O of 
T contains one of the elements of the family. The following result is another consequence of 
Bourgain's lemma. 

Proposition 2.21. Let X be a Banach space and let A be a convex bounded subset of X. If 
{A,a{X, X*)) has a countable ir-base, then A is an SCD set. 

Proof. Let {Vn : n G N} be a countable vr-base of {A,a[X,X*)). Since slices of A have non- 
empty weak interior, any of them contains some of the Vn. But then. Proposition 12.21 shows 
that the sequence {Vn} is determining for A and Proposition 12.181 gives that A is SCD. □ 

The main consequence of the above proposition is the following. We recall that an ii- 
sequence of a Banach space is just a bounded sequence which is equivalent to the natural 
basis of £i 

Theorem 2.22. Let X be a Banach space and let A be a separable convex bounded subset of 
X which contains no li-sequences. Then, (A, cr(X,X*)) has a countable tt -base. In particular, 
A is an SCD set. 

Proof. By |T2| Theorem 3.11], {A, a{X, X*)) is a relatively compact subset of the space of first 
Baire class functions on {Bx*-,(y{X* .,X)), and we can apply [SOj Lemma 4] by Todorcevic, 
to deduce that {A,a{X,X*)) has a fi-disjoint vr-base (i.e. a 7r-base {Vi : i € 1} such that 
/ = UnGN-^" ^^'^ each subfamily {Vi : i G In} is a pairwise disjoint family). Now, it is clear 
that a cT-disjoint family of open subsets in a separable space has to be countable. Finally, A 
is SCD by Proposition \2ll\ □ 

This result obviously extends Example l2.12l since Asplund sets cannot contain ^i-sequences. 

3. Slicely Countably Determined spaces 

Definition 3.1. A separable Banach space X is said to be slicely countably determined {SCD 
space in short) if every convex bounded subset of X is an SCD set. 

By just using the results of the previous section on SCD sets, we get the main examples of 
SCD spaces. 

Examples 3.2. 

(a) If X is a separable strongly regular space, then X is SCD. In particular, RNP spaces 
(more generally, CPCP spaces) are SCD. 
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(b) Separable spaces which do not contain copies of l\ are SCD. In particular, if X* is 
separable, then X is SCD. 

(c) Both families include reflexive separable spaces, which are then SCD spaces. 

With respect to spaces which are not SCD, we only know of the Daugavet spaces. 
Examples 3.3. 

(a) If X is a separable Banach space which admits an equivalent renorming with the 
Daugavet property, then X is not SCD. 

(b) In particular, there is a Banach space with the Schur property which is not an SCD 
space. Indeed, in Plj the existence of a separable space having the Schur property 
and the Daugavet property at the same time was proved. 

Let us state the following immediate observations. 
Remarks 3.4. 

(a) Every subspace of an SCD space is SCD. 

(b) For quotients the situation is different. For instance, C[0, 1] is a non-SCD quotient of 
the SCD space ii. 

Our next aim is to show some stability results for the SCD spaces. The first one is a "three 
space property". We need the following technical lemma which shows that in Definition 13.11 
it suffices to consider sets with nonempty interior. 

Lemma 3.5. Let X be a separable Banach space. If every open convex bounded subset of X 
is SCD, then X is SCD. 

Proof. Our first observation is that our hypothesis forces that every bounded convex subset 
A of X with nonempty interior is SCD. Indeed, notice that since A is convex, the closure of 
the interior of A coincides with the closure of A, and we may apply Remark 12.71 two times to 
get that A is SCD. 

Now, let ^ C X be bounded and convex. Since X is separable, we may find a sequence 
{xn '■ 71 G N} C ^ which is dense in A. Let {enjneN be a sequence of positive reals which 
tends to zero. For every n, m G N fixed, we denote An,m = conv(i?£^(xn) U A^ which clearly 
contains A. Since the interior of An^m is not empty, we may find a determining sequence 
{S^^ : A; G N} of slices of An^m- Now, from the structure of An-m, it follows that either 
Sn^m ^ Be^{xn) / 0, or 5^ Pi A / 0. Let Kn,m be the set of all indices G N for which 5^ 
intersects A, and denote S^^^ = S^^^^^A for all k G Kn,m, which are clearly slices of A. Also 
note that for every integer k ^ Kn^m, the slice intersects Bs^{xn). Finally, the family 

|5^ „, : n,m G N, k£ Kn,m] 

is determining for A. Indeed, let -B be a subset of A intersecting all the S^ ^ and fix some 
e > 0. Since the sequence {x„ : n G N} is dense in A, there is an integer no G N and b £ B 
such that \\b — ^ |. Also, there is uiq G N such that ^ |, as — > when m ^ oo. 
We know that B intersects all S^^ with k G Kn^m- On the other hand, we also know that 
the slice 5'^o,mo intersects the ball for every k ^ Kn,m- Hence we can deduce that 

the set Bno,mo = B U B^^^{xnQ) C A^^m intersects all the S^^ ,^^ which implies that 

conv(S 

no, mo) 5 ^no,mo 5 
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Finally, notice that i?£^^(xno) — -^f(^no) — ^ei^), which implies that -Bno,mo ^ B + eBx- 
Therefore, we can state that conv (i? + eBx) 5 A, and the arbitrariness of e gives us that 
coriv(S) 'DA. □ 

We may now state the promised stability result. 

Theorem 3.6. Let X he a Banach space with a subspace Z such that Z and Y = X/Z are 
SCD spaces. Then, X is also an SCD space. 

Proof. We denote q : X — > Y = X/Z the quotient map. Let us show that every open 
convex bounded subset ^ C X is SCD, and then Lemma [331 will imply that X is SCD. To 
do so, as X is separable since Y and Z are, and separability is a three-space property (see 
[H Theorem 2.4.h]), we only need to find, for every point a G A, a sequence of weakly open 
subsets such that whenever BOA intersects every member of the sequence, then a G conv(i?) 
(see Remark |2.4|) . We fix some a G A and denote Aa = {x G A : q{x) = q{a)}. Then, Aa 
is affine isomorphic to an open convex bounded subset of Z which is an SCD space (indeed, 
Aa = {Z + a) n A). It follows that there is a determining sequence {Sn} of slices of Aa. Let 
{Sn} be their extensions to A. For every n G N, consider q{Sn) ^ Y, which is open bounded 
and convex (its openness is a consequence of the Open Mapping Theorem). Now, as long 
as Y is SCD, we may find a determining sequence {Sn,m '■ m G N} of slices of q{Sn)- Let 
Ki,m = Sn ri q~^{Sn,m) for cvcry n, m G N. It is easy to see that Vn^m are relatively weakly 
open. We will now prove that they are the sets we need. 

Let B C A he convex and such that B n Ki.m / for all n, m G N. Fix some e > 0, and 
denote B^ = {x € A : dist{x,B) < e}. Evidently, B^ is an open convex set intersecting all 
the Vn^m- Fixed n G N, we have that 

Be n Vn,m = H S„ H q-\Sn,m) + 0, 

SO 

and the choice of Sn,m allows us to get that 

conv(g(5, n Sn)) = q{B,^Sn) 5 q(Sn). 

Notice that B^ n Sn is open and convex, hence, so is g(-Be fl Sn)- This implies that the interior 
of the set q{B^ n Sn) coincides with ^(-B^ n Sn)- Now, using that q{Sn) is open, we get that 

q{Ber\Sn) Dq{Sn) 

and, in particular, q{Bf. n 5„) 3 q{a)- This means that there exists Xn & B^ n Sn, such that 
q{xn) = q{a), i.e. that Xn & B^ f] Sn- Since B^ C A and is a determining sequence for 
Aa, we get that B^ D Aa- Finally, the arbitrariness of e implies that B D Aa 3 a- □ 

Let us state two immediate consequences of this result. 
Corollary 3.7. Let X be a separable Banach space which is not SCD. 

(a) X contains copies of£i, and the quotient of X over any copy of £i also contains £i. 

(b) Consequently, for every £i subspace Yi of X , there is another £i subspace Y2 such 
that Yi and I2 are mutually complemented in the closed linear span 0/ li + I2 (i-^- 
Yi +Y2 = Yi + Y2 = Yi® Y2). In particular, n ^2 = 0. 
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Proof, (a) is immediate from the above theorem and Theorem 12.221 (b) follows from (a) and 
the "lifting" property of ii [22l Proposition 2.f.7]. □ 

One may wonder whether item (b) of the above corollary can actually be a characterization 
of those separable Banach spaces which are not SCD. This is not the the following 

remark shows. 

Remark 3.8. The space X = ^2(^1) (which is an SCD space, even naore it has the RNP) has 
the following property: it contains isomorphic copies of £1 and for every t\ subspace Y C X, 
there is another t\ subspace Z C X, such that Z and Y are mutually complemented in the 
closed linear span ofY + Z. 

Proof. Let {Xn}^^i be a sequence of isometric copies of £1. Then, X is isometric to the £2 
direct sum of the spaces [©„gN -'^n] • ^'^-^ £i-subspace Y O X and let us prove that 
some of the Xn can be taken as Z. Assume to the contrary that for every n G N 

mi{\\y - x\\ : y e Sy,x e X„} = 0. 

Then, for every n G N there are yn G Sy and x„ G Xn with ||y„ — < 10^". Since (x„) 
forms a bounded sequence of disjoint elements, (xn) — > in the weak topology. But then 
iVn) — ^ in the weak topology as well, which is impossible since (y^) ^ Sy and Y has the 
Schur property. □ 

Corollary 3.9. Let Xi, . . . ,Xn be SCD Banach spaces. Then, Xi • • • © X„ is SCD. 

Our next goal is to deal with infinite sums. To do so, we need to recall the concept of 
unconditional sums. Given a sequence {{Xn, \\ • \\n) : n G N} of Banach spaces, and a Banach 
space E of sequences whose norm satisfies 

m\\E = \\m)\\E meE), 

we denote by ^^e Banach space of all sequences (xn) G HJ^Li^n, so that 

||(x„)|| = ||(||2;„||„)||£; < 00. 

Theorem 3.10. Let {X„ : n £ N} be a sequence of SCD spaces and let E be a Banach space 
of sequences whose canonical basis is a 1 -unconditional and shrinking basis (i.e. E does not 
contain copies of ii). Then, X = [®neN -^n] ^ is also an SCD space. 

Proof. For every m G N, we denote 

y„ = [Xi © X2 © . . . © © © © • • • ] ^ c X 

and let Pm : X — > Ym be the natural projection. Let ^4 be a convex bounded subset of X. 
Now, for every m G N, Pm(A) is a convex bounded subset of Y^, which is an SCD space by 
Corollary 13.91 Hence, there is a determining sequence {Sm,k ■ A; G N} of slices of Pm(A). 
Consider 5'm,fc = P^^ {Sm,k) H A. We will prove that {5^,^ : A:, m G N} is a determining 
countable collection of slices of A. 

Let be a subset of A intersecting all the Sni,k- We fix an arbitrary point a £ A and we 
will prove that a G conv(i?). Since B intersects all the S^./c, Pm{B) intersects 5'm,fc for every 
integer k. It follows that conv(Pm(-B)) 5 Pm{A). In particular, conv(Pm(-B)) 9 Pm{a). That 
means that there exists hm G convi? such that \\Pm{bm — < Then, it is easy to see 
that hm tends to o coordinate-wise. But since the canonical basis of E is at the same time 
a shrinking basis, we get that hm tends to a in the weak topology. So we can apply Mazur's 
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theorem and get a sequence with b'„^ G conv({6^. : k ^ m}) C conv(_B) which tends to a 
in the norm topology. But this exactly means that a G conv(i?), which was to be proved. □ 

The next result deals with unconditional sums when the natural basis of E is boundedly 
complete. Its proof, which is more bulky than the above one, needs a preliminary result which 

can be of independent interest. 

Let X be a Banach space, ^ be a convex set in X and e be a positive real. A point a G ^ is 
called an e-accessible point of A if there is a sequence {Vn : n G N} of relatively weakly-open 
subsets of A, such that for every B C A, ii B intersects all the Vn, then dist(a, conv5) < e. 

Lemma 3.11. Let X be a Banach space and let A be a separable convex bounded subset of 
X. Suppose that for every convex C C. A and every £ > 0, there is an e-accessible point in C. 
Then, A is an SCD set. 

Proof. Notice that, since A is separable, to prove this lemma it is enough to show that for 
every £ > 0, the set A^ of e-accessible points of A is dense in A. Since A^ is convex, it is 
enough to show that A^ is weakly dense in A. Fix some convex relatively weakly-open subset 
V A. By the assumption, there is an e-accessible point of V. But this point is also an 
e-accessible point of A since V is relatively weakly-open. □ 

We are now able to state and prove the second result for unconditional sums. 

Theorem 3.12. Let {X^ ■ n G N} 6e a sequence of SCD spaces and let E be a space of 
sequences whose natural basis is a 1-unconditional and boundedly complete basis (i.e. E does 
not contain isomorphic copies of cq). Then, X = [©ngN^njg is an SCD space. 

Proof. Let a convex bounded subset A of X and e > be fixed. Consider the subset 

= {(an)neN & E : 3x = (xn)„gN G A with ||xn|| = |a„| for all n G N}. 

Since Ae is a bounded subset of a space with the RNP, there are a functional b = {bn)neN £ E* 
and a positive number a such that the slice 

S{Ae) = {{an)neN G : ^ bnttn > a} 

has diameter smaller than e/4. Taking into account that Ae is symmetric, we may assume 
that bn ^ (the slice of Ae defined by |6| = (|6n|)n6N is isometric to S{Ae)). Fix an. x G A 
with (||a;„||)„gN G S{Ae) and pick x* G Sx* such that = Write /„ = 

/ = {fn)neN £ ^* ■ We claim that for the slice 

= < {Xn)neVi ^ A '■ ^ fn{Xn) > Oi 
I nSN 

there is an m G N with the following property 



(3) 



11(0, ...,0,y^+i,y^+2, •• Oil < 9 for all (yn)neN e S. 
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To show this, it is sufficient to select m in such a way that ||(0, . . . , 0, Xm+i,Xm+2, • • •) II < ^/^ 
and to use that diam S{Ae) < e/4. In fact, with such a choice of m we get 

11(0, ... , 0, ym+i,ym+2, • • Oil = 11(0, ••• ,0, II 

Vm+l II 5 ||2/m+2 111 • • Oil 
^ ||(0, . . . ,0, ||Xm+i||, ||Xm+2||, . -011 + 
+ II (0, ... ,0, lll^m+ill - ||ym+l 

^ I + lldlkill - llyill|i |l|2;2|| - ||y2||| 

Let us prove that x is an e-accessible point of A. Consider 

y„ = [Xi e X2 e . . . e e e e • • • ] ^ c X 

and Pm '■ X — > Ym the natural projection. By Corollary 13.91 Ym is an SCD space and, since 
Pm{S) is a convex bounded set in Ym-, there exists a determining sequence {Sn : n G N} of 
slices of Pm{S). Notice that Y^ isometrically embeds into X*. For every integer n G N, we 
consider 5„ = P~^S'„nS', which is a slice of S and, obviously, relatively weakly-open in A. Let 
i? be a subset of A which intersects all the 5^. We'll now prove that then dist(x, conv(i?)) < e. 
Since B intersects all the Sn, we can find a sequence {un} ^ B, such that y„ G Sn for every 
n G N. This implies that PmiVn) £ Sn for all n G N and so conv({Pm(yn) : n G N}) ^ Pm{S). 
In particular, Pm{x) G conv({Pm(yn) : n £ N}). But JS]) gives us that the m-th tails of x 
and of all the y„ are small, that is, 

||x - Pm{x)\\ < I and ||y„ - Pm{yn)\\ < e/2 (for all n G N). 
This gives us that dist(a, conv(i?)) < e and the proof is complete. □ 

An immediate consequence is the following. 
Example 3.13. The spaces co(^i) and ^i(co) are SCD. 

This result, together with those results of section [2l gives us the following examples. 

Example 3.14. The spaces cq'S'sCo, co^vrCo, co(8)e^i, co^vr-^i, ii^eii, and (8)71 are SCD. 
Indeed, it is well known that co(8)eCo = cq, CQf^e^i = co(^i), cq (8)77^1 = ^i(co), and £i<^nh = h 
(see [271 Examples 2.19 and 3.3], for instance), so these cases are clear from the above example. 
For the remaining cases, just observe that [cq (8>7r cq]* = ii (8>e h (since [cq cq]* = L(co,£i) 
[271 p. 24], K(co,4) = 4 ®£ 4 [271 Corollary 4.13] and K{coJi) = L{co,h) since has the 
Schur property and Cq is separable), so cq (8>7r cq is Asplund and £1 ®e ii has the RNP. 

Since for X and y being cq or one has K{X,Y) = X* (g)^ y [271 Corollary 4.13], the 
following examples follow. 

Example 3.15. Tie spaces K{cq) and K{cq,£i) are SCD. The spaces K{£i) and K{£i,co) 
contain £00 and so they are not separable, all the more not SCD. 

Another example in this line is the following. 

Example 3.16. The spaces £2 £2 = Ci{l2), and £2 <^s £2 = K{£2) are SCD. Indeed, the 
first space has the RNP and the second is an Asplund space. 



^m+2\ 

e 

€ -. 
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4. An application to spaces with numerical index 1 



Our aim in this section is to show that SCD spaces with the alternative Daugavet prop- 
erty are lush. To get such a result, we need to establish a characterization of the alternative 
Daugavet property which can be of independent interest. We first recall a previous charac- 
terization in terms of slices. 

Lemma 4.1 ( |25l Proposition 2.1]). A Banach space X has the alternative Daugavet property 
if and only if for every x G Sx, every e > and every slice S of Bx, there is a y €z S such 
that maxggf \\x + 6y\\ > 2 — e. 

We need some notation. Denote K{X*) the weak*-closure in X* of exi{Bx*), and for every 
slice S of Bx and every e > 0, we write 



which is relatively weak*-open in K{X*). Here is the promised characterization of the alter- 
native Daugavet property. 

Proposition 4.2. For a Banach space X, the following assertions are equivalent: 

(i) X has the alternative Daugavet property. 

(ii) For every x G Sx, every e > and every slice S C Bx, there is y* € K{X*) such 
that X € S{Bx,y*,e) and S nTS{Bx,y* ,e) / 0. 

(iii) For every x G Sx, every e > and every slice S C Bx, there is y* € D{S,e) such 
that X € S{Bx ,y* ,e). 

(iv) For every e > and every slice S C Bx, the set D{S,e) is weak* -dense in K(X*). 

(v) For every e > and every sequence {Sn : n G N} of slices of Bx, the set HneN ^i^n, 
is weak* -dense in K{X*). 

Proof. The implications (i) <^=^ (ii) <^=^ (iii) are easy consequences of Lemma 14.11 

(iii) =^ (iv). To show weak*-density of D{S,e) in K{X*) it is sufficient to demonstrate 
that the weak* closure of D{S,e) contains every extreme point x* of Sx*- Since weak*-slices 
form a base of neighborhoods of x* in Bx*, it is sufficient to prove that every weak*-slice 
S{Bx*,x,5) with 6 G (0,e) intersects D{S,e), i.e. that there is a point y* G D{S,e), such 
that y* G S{Bx*,x,6). But we know that there is a point y* G D{S,6) C D{S,e), such that 
X G S{Bx,y* ,6), which means that y* G S{Bx*,x,6). 

(iv) =^ (iii). If D{S,e) is weak*-dense in K{X*), then for every x G Sx there is a 
y* G D{S,e) such that x G S{Bx,y*,£). 

The remaining equivalence (iv) <^=^ (v) follows from the fact that D{S, e) is not only weak*- 
dense but also weak*-open, and K{X*) is weak*-compact, so Baire's theorem is applicable. □ 

It is possible to give a result analogous to the above one for the Daugavet property. We 
need to change a little bit the notation. For every slice S of Bx and every e > 0, we write 



which is relatively weak*-open in K{X*). The proof of the next result is almost the same as 
the above one, replacing Lemma |4?T] bv [T9l Lemma 2.2]. We include it here for future use. 



D{S,e) = {y* eK{X*) : S nTS{Bx,y\e) ^ 

= {y* G K{X*) : S H aconv(5(Sx, y*,e)) + 0} 



D{S, e) = {y* G K{X*) : S n S{Bx,y*,e) + 0} 

= {y* G K{X*) : S nccmv{S{Bx,y* ,e)) + 0} 
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Proposition 4.3. For a Banach space X, the following assertions are equivalent: 

(i) X has the Daugavet property. 

(ii) For every x G Sx, every e > and every slice S C Bx, there is y* € K{X*) such 
thatxe S{Bx,y*,e) and S Ci S{Bx,y* ,e) + 

(iii) For every x E Sx, every e > and every slice S C Bx, there is y* € D{S,e) such 
that X e S{Bx,y*,e). 

(iv) For every e > and every slice S C Bx, the set D{S,e) is weak* -dense in K{X*). 

(v) For every e > and every sequence {Sn '■ n £ N} of slices of Bx, the set HneN ^i^n, £) 
is weak* -dense in K{X*). 

We are now ready to show the main result of this section. 

Theorem 4.4. Every Banach space X with the alternative Daugavet property whose unit ball 
is an SCD set is lush. In particular, every SCD space with the alternative Daugavet property 
is lush. 

Proof. Let {Sn : n G N} be the sequence of slices of Bx from the definition of an SCD set. 
Then, by Proposition I4.2[ v. for every e > the set P|„gj^ L>(S'„, e) is weak*-dense in K[X*). 
So, for every x G Sx there is y* € Pl^gpj D(5'„, e) such that x G S{Bx,y* ,£)■ According to 
the definition of D{Sn,£), this means that Snr\aconv{S{Bx,y*,£)) / for all n G N. Then, 
we obtain that aconv(^S{Bx,y*,£)) = Bx, which implies lushness of X |7[ Theorem 2.1]. □ 

Remark 4.5. Let us observe that in the above proof a (formally) weaker version of an SCD 
set is used. A convex bounded subset A of a Banach space X is said to be almost slicely 
countably determined [almost-SCD in short) if there is a sequence {Vn : n G N} of subsets 
of A such that for every B C. A intersecting all the Vn, one has aconv(i?) D A. The proof of 
the above theorem actually shows that every Banach space X with the alternative Daugavet 
property whose unit ball is an almost-SCD is lush. 

Theorem 14.41 has already been known for Asplund spaces and for spaces with the RNP 
[23l Remark 6], regardless of the separability (necessary for the SCD and so for our result). 
Our next goal is to particularize Theorem 14.41 to more cases where we are able to remove the 
separability. The proof of the following results is a consequence of the facts that lushness and 
the alternative Daugavet property are separably determined (see |7l Theorem 4.2] for the first 
case and the remark below for the second one). 

Remark 4.6. It is shown in [SHI Theorem 4.5] that the Daugavet property is separably deter- 
mined. With a little effort, the proof can be adapted to the alternative Daugavet property: A 
Banach space X has the alternative Daugavet property if and only if for every separable sub- 
space Y Q X there is a separable subspace Z Q X which contains Y and has the alternative 
Daugavet property. 

Corollary 4.7. Let X be a Banach space with the alternative Daugavet property. If X is 
strongly regular (in particular, CP CP), then X is lush. 

Corollary 4.8. Let X be a Banach space with the alternative Daugavet property. If X does 
not contain £i, then X is lush. 

This latter result solves in the positive Problem 32 of [18j and it can be used to prove 
a necessary isomorphic condition for a real Banach space to have the alternative Daugavet 
property. 
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Corollary 4.9. let X be an infinite-dimensional real Banach space with the alternative Dau- 
gavet property. Then, X* contains £i. 

Proof. If X contains ii, then X* contains a quotient isomorphic to £00, so X* contains £1 as 
a quotient and the "lifting" property of £1 ^21 Proposition 2.f.7] gives us X* D ii. Otherwise, 
Corollary 14.81 gives us that X is lush. But the dual of an infinite-dimensional real lush space 
contains £1 (THl Corollary 4.8]. □ 

In particular, since Banach spaces with numerical index 1 have the alternative Daugavet 
property, we get the following corollary which answers in the positive Problem 18 of [18] . 

Corollary 4.10. Let X be an infinite-dimensional real Banach space with n{X) = 1. Then, 
X* D ii. 

Let us comment that very recently it has been shown that there are Banach spaces with 
numerical index 1 which are not lush [T^, so the above result is not covered by [HI Corol- 
lary 4.9]. 

5. SCD OPERATORS 

Definition 5.1. Let X and Y be Banach spaces. A bounded linear operator T : X — > Y 
is said to be an SCD-operator if T{Bx) is an SCD set. 

By just recalling the examples of SCD sets and SCD spaces given in sections [2] and [31 we 
get the main examples of SCD-operators. 

Examples 5.2. Let X and Y be Banach spaces and let T : X — > y be a bounded linear 
operator such that T{X) is separable. 

(a) IfT{Bx) has small combinations of slices, then T is an SCD-operator. 

(b) In particular, ifT{Bx) is a Radon-Nikodym set (i.e. ifT is a strong Radon-Nikodym 
operator), then T is an SCD-operator. 

(c) IfT{Bx) does not contain £1 -sequences, then T is an SCD-operator. 

(d) In particular, ifT does not fix copies of ii, then T is an SCD-operator. Indeed, if 
T{Bx) contains an £i-sequence (Ten)n&i, with e„ G Bx (n € N), then as in the proof 
of the "lifting" property of £1 [22], Proposition 2.f.7], Y = lm{en '■ n € N} is a copy of 
£1 and T\y is an isomorphic embedding, a contradiction (see [HU Proposition 1]). 

The aim of this section is to show that SCD-operators behave in a very good way with 
respect to the Daugavet and the alternative Daugavet equations. We start with the best 
result we can get for the alternative Daugavet property. 

Theorem 5.3. Let X be a Banach space with the alternative Daugavet property and let 
T G L(X) be an SCD-operator. Then, max llld + eT\\ = l+ \\T\\. 

Proof. Without loss of generality, we may assume that ||r|| = 1. We take a determining 
sequence {S„ : n G N} of slices ofT{Bx) and we notice that the sets T~^(5„)ni?x are slices 
of Bx. Given e > fixed, we take a G Sx such that ||T'(a)|| > 1 — e. Now, Proposition I4.21 v 
gives us that D(T~^{Sn),£) is weak*-dense in K{X*) (which is norming for X), so we 

may find y* G D(T^^{Sn),£) such that 

(4) Rei/*(r(a)) ^ |lr(a)|| -e > l-2e. 
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By the definition of D(T^^{Sn),e) , we get that 

a^mY{S{Bx,y*,e)) nT-^{Sn) ^9 (riGN). 

Thus, T{aconv{S{Bx,y*,e))) n S'n / for ah n G N, and using the fact that {S„ : n e N} 
is determining, we deduce that 

T{aconv{S{Bx,y*,e))) = aconv(T(acoriv(S'(Sx, y*, e))) ^T{Bx). 
In particular, T{a) € T (aconv (5'(i?x, y*, e))) , which means that there is 
z G T(aconv(5(5x, ?/*,£))) with ||r(a) - z|[ < e, 
and it follows from (|4} that 

(5) Rey*(z) > 1 - 3e. 

Notice that z can be represented in the following way 

(m \ m 

Afc6'fcXfc = ^ Afc 9kT{xk) 
k=l / k=l 

where € S{Bx,y* ,£), ^fc ^ T, Afc ^ for /c = 1, . . . , m and X^^Li Afc = 1. Then, it follows 
from ([5]) that there exists ko G {!,..., m} such that 

Rey*{ek,Tixk,)) >l-3e. 

Now, since Xfcg G S{Bx,y* ,£), we get that 

Rey*(xfco + 0fc,T(xfcJ) > 2 - 4e. 

It follows that 

||Id + 9koT\\ ^ llxfco + T(xfc„)|| ^ Rey*(xfco + ^(xfcj) > 2 - 4e. 
Finally, the arbitrariness of e gives the result. □ 

Remark 5.4. Analogously to the situation described in Remark 14.51 in the above proof we 
have used a formally weaker property than being an SCD-operator. Therefore, the result 
proved is the following. Let X be a Banach space with the alternative Daugavet property and 
let T G L(X) such that T(Bx) is an almost-SCD set. Then, max llld + 9 T\\ = 1 + \\T\\. 

6»GT 

We can easily obtain a version of Theorem [53] for operators with non separable range which 
is useful for applications. 

Corollary 5.5. Let X be a Banach space with the alternative Daugavet property and let 
T G L{X) be such that T{By) is an SCD set for every separable subspace Y of X . Then, 
max llld + 6^11 = 1 + ||r||. 

Proof. We first take a separable subspace Yi of X such that = ||r||. Then, Re- 

mark 14.61 provides us with a separable subspace I2 with the alternative Daugavet property 
which contains Ufc^o -^'^(^i)- ^PPly again Remark [4.61 to get a separable subspace I3 with 
the alternative Daugavet property which contains (J^Lq -^'^(^s), and so on. Then, the space 
Y = IJ^^^Yn is separable, T-invariant, ||T|y|| = |[r||, and it has the alternative Daugavet 
property (just use Lemma [4?T]) . Since T{By) is SCD, Theorem 15.31 gives us that 

max llld + 6^11 ^ maxllldly + 6ir|y|l = 1 + ||T|y|| = 1 + ||T||. □ 
6»gT eel 
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The following particular cases are especially interesting. The first one solves P31 Prob- 
lem 33]. 

Corollary 5.6. Let X be a Banach space with the alternative Daugavet property and let 
T G L{X) be an operator which does not fix copies of ii. Then, inax ||Id + 9T\\ = 1 + \\T\\. 

Corollary 5.7. Let X be a Banach space with the alternative Daugavet property and let 
T £ L(X) be an operator such thatT{Bx) is strongly regular. Then, max 111(1-1-6^11 = l-|-|[r||. 

It is possible to show an analogous result to Theorem 15.31 for spaces with the Daugavet 
property and the Daugavet equation. Actually, it is possible to get a better result. We need 
some notation and preliminary results. A bounded linear operator T : X — > Y between two 
Banach spaces X and Y is said to be a strong Daugavet operator if for every x, y G Sx and 
every e > 0, there is an element z G Sx such that 

\\x + z\\^2-e and \\Ty-Tz\\<e 

(see [2ni §3] for the definition and the following properties). If T G L{X) is a strong Dau- 
gavet operator and X has the Daugavet property, then T satisfies Daugavet equation. On the 
other hand, finite-rank operators from a space with the Daugavet property are strong Dau- 
gavet operators. Our next goal is to show that actually, SCD-operators are strong Daugavet 
operators. 

Proposition 5.8. Let X be a Banach space with Daugavet property, Y a Banach space, and 
let T : X — > Y be an SCD-operator. Then, T is a strong Daugavet operator. 

Proof. Since T is an SCD-operator, we may find a determining sequence {Sn '■ n G N} of 
slices of T{Bx), and we notice that the sets T~^(5„) fl Bx are slices of Bx- We fix e > and 
x,y G Sx- 

Since X has the Daugavet property. Proposition I4.3[ v gives us that Pl^gp,} D(T^^(S'„), |) 

is weak*-dense in K[X*) (which is norming for X), so we may find y* G flnGN ^{'^'^i'^n), f ) 
such that 

(6) xeS{Bx,y*,l). 

Then, by the definition of D{T-^{Sn), f), we have that S{Bx,y*, |) nr-i(5'„) 7^ for every 
n G N. Thus, 

T(^S{Bx,y*,l))nSn^9 (nGN). 
Now, since the sequence {S„ : n G N} is determining, we deduce that 

T{Bx) C convT (^S{Bx,y*,^)) = T {S{Bx ,y* , D) . 

In particular, Ty G T [S{Bx, y*, f )) , which means that there is a z G S{Bx, y*, |) such that 

\\Ty-Tz\\ <£. 
Since x G S{Bx,y*, f ) by ([6]), we also have that 

\\x + z\\ > 2- e. 

Hence, this z meets all the requirements. □ 
In particular, we obtain the following analogue to Theorem 15.31 
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Corollary 5.9. Let X he a Banach space with the Daugavet property. // T € L{X) is an 
SCD-operator, then ||Id + r|| = 1+ |jr||. 

Our final goal in this section is to get a better result than Proposition 15.81 for a class of 
operators more restrictive than the SCD-operators. We need some notation. A bounded linear 
operator T : X — > Y between two Banach spaces X and Y is said to be a narrow operator 
if for every x* G X*, the operator 

T+Rex*:X — ^ F 01 R, xi — > (Tx, Rex*(x)) 

is a strong Daugavet operator (see \2Q\ §3 and §4] for this definition and the following prop- 
erties). Equivalently, T is narrow if and only if for every x,y € Sx, every e > 0, and every 
slice S of Bx containing y, there is an element z £ S such that 

\\x + z\\^2-e and \\Ty-Tz\\<e. 

A narrow operator is strong Daugavet, but the converse result is not true. It is known that 
strong Radon-Nikodym operators and operators which do not fix copies of £i from a Banach 
space with the Daugavet property are narrow. We are going to extend these results to the 
so-called hereditary-SCD-operators. 

Definition 5.10. Let X and Y be Banach spaces. A bounded linear operator T : X — > Y 
is said to be a hereditary- SCD-operator if every convex subset of T{Bx) is an SCD set. 

Here is the promised result. 

Theorem 5.11. Let X be a Banach space with Daugavet property and T : X — > Y be a 

hereditary-SCD-operator. Then, T is narrow. 

We need the following lemma, which could be of independent interest. 

Lemma 5.12. Let T : X — > Y be a hereditary-SCD-operator. Then, for every x* G X* the 
operator T+Rex* : X — > y ©i M is an SCD-operator. 

Proof. Denote Pi : [T+Rex*]{X) — > T{X) and P2 : [T+Rex*]{X) — > M. the natural 
coordinate projections. What we need to show is that there is a determining sequence of 
relatively weakly-open subsets of the set A = \T+Rex*]{Bx). Since A is separable, it is 
enough to prove that for every a £ A there exists a sequence of relatively weakly open sets 
{Vn : n G N} such that for every B C A intersecting all the Vn, a & conv{B) (see Remark [2^ . 

We fix a G ^ and denote 

Aa = {beA: Pi(6) = Pi(a)}. 

It is easy to see that Aa is of the form 

Aa = {{Pi{a),t) : t G A^, 

where Aq is a bounded interval in M. We denote Oa = inf A^ and (3a = supA^ and we 
consider 

Sn,i = {b£A : P2{b)<aa + ^} and Sn,2 = {b e A : P2{b) > pa - ^} , 

which are non-empty slices of A (since they intersect Aa) for all n G N and i = 1,2. Now, 
since T is a hereditary-SCD-operator and Pi{Sn,i) ^ T{Bx) is convex, for every n G N and 
z = 1, 2 we may find a determining sequence {5*™, : m G N} of slices of Pi{Sn,i). We write 

K7, = 5„,,nPfi(5™) (n,mGN, i = l,2) 
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which are relatively weakly open subsets of A. We will prove that they are the sets we need. 
Indeed, let B Q A be such that 

/ 5 n = ^ n Sn,i n Pf ^(5^,) {n,men, i = i, 2). 

For every n G N, we observe that 

Pi{B n Sn,i) n / (m € N, i = 1,2), 
so, since the sequences {S^^^ : m € N} are determining, we get that 



Pi{B n Sn,i) = cmv{Pi{B n Sn,i)) 2Pi(5„,i) (i = l,2). 



In particular, Pi{B D Sn,i) ^ Pi{(i), meaning that for every n € N, every i = 1,2, and every 
e > 0, there exists j € i? fl Sn,i such that 

(7) ||Pi«,)-Pi(a)||^e. 

Now, we fix some e > and, since obviously a € via, we may take n G N such that 

1 1 

Oa H e < P2{a) < Pa he. 

n n 

So, for the corresponding xf^ ^ and 21 we have 

PaK.i) - e<P2(a) <P2K,2)+e. 
Then, there is a convex combination 

< = -^1 <,1 + ^2 <,2 (-^1 + A2 = 1) 

(so € conv(P)) such that 

IP2K) -P2(a)| <e. 

This, together with implies that — a|| < 2e, and the arbitrariness of e > gives us 
that a G conv(P). □ 

Proof of Theorem \5.11[ To prove that T is narrow, it is enough to show that for every x* € X* , 
the operator T+Rex* is a strong Daugavet operator. But this fact follows from Lemma fS. 121 
and Proposition 15.81 □ 

As we did for the alternative Daugavet property in Corollary 15.51 we can extend Theo- 
rem 15.111 to the non separable case. 

Corollary 5.13. Let X he a Banach space with the Daugavet property and let T € L{X) be 
such that T\y is an hereditary- S CD- operator for every separable subspace Y of X. Then, T 
is narrow and, in particular, ||Id + r|| = 1 + ||r||. 

Proof. We fix X,?/ € Sx, a slice 5 of Bx and e > 0. We take a separable subspace Yi of X 
such that X, y G Yi and such that 5 fl Yi 7^ and we follow the proof of Corollary 15.51 using 
[20I Theorem 4.5] instead of Remark 14.61 to get a separable subspace Y of X, T-invariant, 
with the Daugavet property and such that x, y G Sx and SCiY ^ 0. Now, T\y is a hereditary- 
SCD-operator, so Theorem 15.111 gives us that T|y is narrow. Then, we may find z G SClY C S 
such that ||x + z\\ ^ 2 — e and 

\\Ty-Tz\\ = \\TY{y)-T\Y{z)\\ <e. □ 



The following particular cases are especially interesting. The first one was proved in [20 
Theorem 4.13] with a different argument. 
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Corollary 5.14. Let X be a Banach space with the Daugavet property and let T G L{X) he 
an operator which does not fix copies of £i . Then, T is narrow. 

Corollary 5.15. Let X be a Banach space with the Daugavet property and let T G L{X) be 
an operator such that T{Bx) is strongly regular. Then, T is narrow. 

Remarks 5.16. 

(a) The class of hereditary-SCD-operators is a right operator ideal. Indeed, ifT : Xi — > 
X2 is an arbitrary operator and S : X2 — ^ X^ is a hereditary-SCD-operator, then 
[ST]{Bx-i) C S'(||r||i?x2)) so ST is an hereditary-SCD-operator. 

(b) The class of hereditary-SCD-operators is not a left operator ideal. Indeed, we consider 
a norm-one projection T : Li[0, 1] — > X = £1 which is a hereditary-SCD-operator 
since ii is RNP. We also consider a quotient map S : ii — £i/Y = Li[0, 1] (by just 
using the factor universality of ii). Then, 5T(i?/^^jo,i]) = Bli[o,i] so ST is not even 
an SCD-operator. 

(c) As a consequence, there are narrow operators which are not SCD-operators. Indeed, 
since the set of narrow operators is clearly a left operator ideal, the operator ST above 
is narrow. 

6. Countable tt-bases of the weak topology 

It was shown in Proposition 12.211 that a convex bounded subset ^4 of a Banach space X is 
SCD if it has a countable 7r-base of the weak topology. But we do not know whether these 
two properties are equivalent. The aim of this section is to discuss this possible equivalence. 
In a first subsection we will show that the class of sets having countable 7r-bases of the weak 
topology contains separable CPCP sets. We already know that it contains those sets which do 
not have £i-sequences (Theorem I2.22|l . so this class covers most of the examples of SCD sets 
presented in this paper. In the second subsection we will show that convex bounded subsets 
of both ^i(co) and co(^i) also have countable vr-bases of the weak topology. Finally, the third 
subsection contains several characterizations of SCD sets which remind of the property we 
are dealing with. 

6.1. CPCP sets. We start with a sufficient condition to have a countable 7r-base of the weak 
topology. 

Proposition 6.1. Let X be a Banach space and let A be a separable closed convex bounded 
subset of X such that there is a weakly dense subset B of A consisting of points of continuity 
of Id : {A,a{X,X*)) — > {A, \\ ■ ||). Then, {A,a{X,X*)) has a countable 7r-ba.se. 

Proof. Let D he a countable norm dense subset of B, and for every d G D and every n € N 
let U2 be a weak open neighborhood of d in A of diameter less than ^. We claim that the 
countable family {U2 '■ n € N, d € D} is a vr-base of A. Indeed, let be a weakly open 
subset of A. Since B is weakly dense in A, W H B is non-empty and relatively norm open in 
B so, since D is norm dense in B, there is d € -D Pi W. Now, is a norm open neighborhood 
of d relative to A, so it contains B{d,l/n) n A for some n G N and so U2 ^ W. We are 
done. □ 

A first consequence of the above result deals with LUR renorming. It is clear from the 
definition that denting points are points of weak-norm continuity of the identity map and so, 
as it was commented before Example 12.101 the unit ball of a Banach space with a LUR norm 
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fulfills the above condition. It was also commented there that every separable Banach space 
can be equivalently renormed with a LUR norm. 

Example 6.2. 

(a) Let X be a separable Banach space with a LUR norm. Then, Bx has a countable 
TT-base of the weak topology. 

(b) As a consequence, every separable Banach space X admits an equivalent norm \ ■ \ 
such that B(^x,\-\) has a countable ir-base of the weak topology. 

We are going to show that CPCP sets have countable vr-bases for the weak topology. We 
recall that a closed convex bounded subset ^ of a Banach space X has the CPCP if every 
convex closed subset B A contains a weak-to-norm point of continuity of the identity 
mapping. In this case, for every convex subset B oi A and for every e > 0, there is a relatively 
weakly open subset C B with diam(C) < e [5]. We need the following result which follows 
from [14l Lemma I.O]; we haven't found a direct reference, so we include a proof for the sake 
of completeness. 

Lemma 6.3. Let X he a Banach space and let A he a closed convex hounded suhset of X with 
the CPCP. Then, there is a weakly dense suhset D of A consisting of points of weak-norm 
continuity of Id: {A,a{X,X*)) — > {A,\\ • ||). 

Proof. We fix a sequence of positive e„ tending to zero and write 



Let us prove that D = HneN weakly dense in A. Indeed, leiU ^ A be relatively weakly 
open. We pick Ui U convex closed with non-empty interior. Then, there is a relatively 
weakly open subset Ci of A of diameter less than ei such that Ci is contained in the weak 
interior of Ui. We repeat the process to find a decreasing sequence Cn of weakly open sets 
with non-empty interior such that diam(C„) < e„ and Cn+i ^ C„. Then, the Cantor theorem 
tells us that there is a; G ClneN^n- Now, we have in particular that x G Ci C [/^ C [/. On 
the other hand, for every n G N, x € Cn and diam(Cn) < £n, so x G Z)„. Therefore, x € D. 
Finally, every point of D has weak neighborhoods of arbitrarily small diameter, showing that 
it is a point of continuity. □ 

This result, together with Proposition 16.11 gives the main result of the subsection. 

Corollary 6.4. Let X he a Banach space and let A he a separahle closed convex hounded 
suhset of X with the CPCP. Then, A has a countahle n-hase for the weak topology. 

With the above result, most of the types of SCD sets presented in the section [2] have a 
countable vr-base of the weak topology. The only exception is the family of strongly regular 
sets which are not CPCP. There are two main examples of sets of this kind, but in both cases, 
the sets have a countable 7r-base of the weak topology. 

Examples 6.5. 

(a) The set constructed by S. Argyros, E. Odell, and H. Rosenthal p] which is strongly 
regular but does not have the CPCP is a subset of cq, so it has a countable n-base of 
the weak topology since it does not have ii-sequences. 




C : C is weakly open in A and diam(C) < e„}. 
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(b) The set constructed by W. Schachermayer [28] which is a subset C of a Banach space 
Z which does not have the CPCP but Z** is strongly regular (so Z is strongly regular). 
But then, (C, a{X, X*)) has a countable ir-base of the weak topology since Z does 
not contain £i. 

6.2. co{£i) and ii{co). Our goal in this subsection is to show that convex bounded subsets 
of the spaces co(^i) and ^i(co) have a countable vr-base of the weak topology. The first case 
is easier to demonstrate. 

Example 6.6. Every bounded convex subset A of the space co(^i) has a countable vr-base of 
the weak topology. 

Proof. Let X denote co(^i). For every m € N, we denote 

= [^1 e ^1 e e ^1 e e e ■ ■ ■ ] ^ c coih) 

and Pm ■ X — > Ym for the natural projection. Since PmiA) is a convex bounded subset of Ym 
and Ym is isomorphic to ii, there is a countable 7r-base {Sm,k '■ € N} of {PmiA),a{Ym, Y^^)). 
We are going to prove that the collection 

forms a countable vr-base of {A,a{X, X*)). Indeed, let U,V be weak neighborhoods of 0, 
y + y C [/, a G j4, and denote B = {a + U) (1 A. Every relatively weakly open subset of A 
is of the same form as B, so we have to prove that Sm,k ^ B for some choice of m and k. 
Assume to the contrary that none of Sm,k is contained in B. For m € N big enough, all the 
Pm{A) intersect (a + V). Fix m E N with C^ = {a+y)nPm{A) ^ 0. Then there is k{m) G N 
with Sm,k{m) ^ Cm- According to our assumption Sm,k(m) is not contained in so there is 

an Xjn G Sm,kim) \ B. This can be written as Xm = Vm + Zm, where G Sm,k{m) ^ Cm 
and Zm € KerP^. Since Xm G A and ym G PmiA), we have that Zm is a bounded sequence, 
and since by our construction (zm) tend to coordinate-wise as m ^ oo, we can deduce that 
(zm) — > in the weak topology. Therefore, for some m big enough Zm & V and consequently 
Xm = ym + Zm £ {a + V) + VCa + U. Since Xm & A, this means that Xm £ {a + U)riA = B, 
which contradicts the selection of Xm- D 

Remark 6.7. The argument above also works for CQ-sums of RNP spaces. Indeed, this follows 
from the fact that a finite-sum of RNP spaces is again a RNP space (see [9l Theorem 6.5.b], 
for instance). 

Let us remark with an example that to have a countable vr-base of the weak topology does 
not imply that any point has a countable base of weak neighborhoods. 

Example 6.8. The unit ball of X = co(^i) has no point with a countable base of relative 
weak neighborhoods. Indeed, we consider an arbitrary x = {xn)neN € Bx, where Xn € ^i, 
ll^^nll — ^ and max„gN ^ 1- We fix no € N such that ||xno|| < 1/2 and we consider the 
subset 

A = {(yn)nGN € : yn = X„ H n ^ Uq, \\Xno " VnoW ^ 1/2} • 

Then, A is a closed subset of Bx containing rc, so if x has a countable base of relative weak 
neighborhoods in Bx, then x has also a countable base of relative weak neighborhoods in A. 
But the latter is impossible, because A is affinely homeomorphic to S^^, with x being the 
image of € B^-^ . 

To get the second example we need a technical result. 
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Lemma 6.9. Let X he a separable Banach space. Then, the following are equivalent. 

(i) Every convex hounded suhset of X has a countahle n-hase of the weak topology. 

(ii) Every closed convex hounded suhset A of X has a point with a countahle local ir-hase 
of relatively weakly open suhsets (i.e. there is x & A and a sequence {[/„ : n e N} 0/ 
relatively weakly open suhsets of A such that for every relative weak neighhorhood V 
of X there is some Un C V.) 

(iii) For every e > 0, every closed convex hounded suhset A of X has a point with a 
countahle local e-hase of relatively weakly open suhsets (i.e. there is x £ A and a 
sequence {Un : n € N} of relatively weakly open suhsets of A such that for every weakly 
open neighhorhood V X of x in the whole space there is n G N with Un ^ V + eBx-) 

Proof, (i) =^ (ii) ^ (iii) are clear since a vr-base is a local vr-base, and a local vr-base is an 
e-base for every e > 0. 

(iii) =^ (i). It is straightforward to show that it is enough to deal with closed convex 
bounded subsets of X. Just observe that if {Un ■ n G N} is a vr-base for the weak topology 
of the closure of a bounded convex subset A of X, then {[/„ H A : n € N} is a vr-base of the 
weak topology of A itself. 

We then fix a closed convex bounded subset A C X. We first remark that, for every e > 0, 
the subset i?e C A of points having a countable local e-base is weakly dense in A. Indeed, we 
consider an arbitrary weakly open subset U of X intersecting A and we fix another weakly 
open subset V U Q X intersecting A with y"^'^'^ ^ c U. According to our assumption, 
there is x G y'^^^'^ ) p ^ ^{t\x a local e-base {Un ■ n G N}. But then, Vn = UnPiV form 
a countable local e-base of relatively weakly open subsets of A for x, i.e. x £ Ci U , so 

Now, for every A: G N we take a countable norm dense subset {bk^m ■ G N} in S^/^, and 
for every bk^nn we select a l//c-base {Uk^m,,n '■ n £ N}. Let us show that {C/fc,m,n, : k,n,m £ N} 
forms a vr-base for {A, a{X,X*)). Indeed, let U, V be weak neighborhoods of 0, V + V Q U , 
a G A, and denote G = {a + U) H A. We have to prove that Uk,ni,n ^ G for some choice 
of k,m,n G N. To do this, we take A; G N big enough that ^Bx ^ V. According to 
our construction, there is m G N with bk,m, £ {a + V) H A. Then, there is n G N with 
Uk,m,n <^{a + V) + iBx. Therefore 

Uk,n,,n <^{a + V + ^B^ r\A(^{a + V + V)r\A<Z{a + U)r\A = G. □ 

We are now able to present the second example. 

Example 6.10. Every bounded convex subset A of the space ^i(co) has a countable vr-base 
of the weak topology. 

Proof. Let X denote ^i(co). For e > fixed, arguing the same way as in the beginning of 
the proof of Theorem 13.121 we select an open slice S C A and an m G N with the following 
property 

(8) 11(0, . . . ,0,ym+i,ym-H2, • • Oil < I ((yn)neN G 5"). 

Let us prove that every xq £ S has a countable e-base of relatively weakly open subsets and 
Lemma [63] will give the result. 
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We denote 

= [co e Co © e Co © © e • • • ] c £^{co) 

and let Pm ■ X — > Ym be the natural projection. Since Y„i is isomorphic to co, there is a 
countable local vr-base {[/„ : n G N} of Pmixo) in {P„i{S),a{X,X*)). Consider 

Un = P;;,HUn)nS (nGN) 

which are weakly open subsets of 5", and hence they are weakly open in A. Let us show that 
{Un : n € N} forms an e-base for xq in A. Consider a weakly open neighborhood V ^ X oi 
xq. By ([HI), we have that 

(9) \\PM-y\\<e/2 (yeS). 

So {V + f-Bx) n Pm{S) is a weak neighborhood of Pm{xo) in Pm{S). So there is an n E N 
such that Un + f^x- Applying jH]) once more, we obtain that 

Un = p;;,\Un)r\S<zUn + ^-Bx<^v + eBx. □ 

6.3. Two characterizations of SCD sets. The aim of this part of the section is to establish 
some characterizations of SCD sets which remind of countable vr-bases of the weak topology. 
The first one deals with convex combinations of slices. 

Theorem 6.11. A hounded convex subset A of a Banach space X is an SCD set if and only 
if there is a sequence {Vn : n € N} of convex combinations of slices of A such that every 
relatively weakly open subset of A contains some of the Vn- 

Proof. The "if" part is direct consequence of Propositions 12.21 and 12.181 

Conversely, asume that A is an SCD set and suppose without loss of generality that A C Bx- 
Let Sn = S{A , a;*,e„) for n E N, be a determining sequence of slices for A. Let us show that 
the convex combinations of the 5„'s with rational coefficients form the countable collection of 
convex combinations of slices that we need. Indeed, let U he a relatively weakly open subset of 
A. Select another relatively weakly open subset V CU such that a = dist{V,A\U) > 0. Due 
to Bourgain's lemma (Lemma 12.161) . there is a convex combination of slices X^JLi ^jGj C V. 
According to Proposition 12.21 for every j = 1, 2, . . . , m there is n{j) E N such that Sn(j) Q Gj. 
Then, X^JLi '^i'S'n(j) ^ ^- What remains is to find rationals fij > with Xljli l^j — ^ ^^'^ 
\fij—Xj\ < a. Then, the Hausdorff distance between Y1Y=^ l^i^^ii) Si=i is smaller 

than a, so X^JLi fJ-jSn{j) ^V + a Bx ^ U. □ 

The second result gives a reformulation of SCD in terms of topological properties of the 
set of extreme points of its weak* closure in the bidual. For a convex bounded subset A of a 
Banach space X, denote A the weak-star closure of A in X** . 

Theorem 6.12. Let X be a Banach space and let A be a convex bounded subset of X. Put 
W = ^ext(74**) , cj(X** , X*)^ . Then, the following are equivalent: 

(i) A is an SCD set. 

(ii) W has a countable -K-base. 

Proof, (i) =^ (ii). We take a sequence of slices Sn = S{A,Xn,£n) for n E N which is 
determining for A and we write 

Sn = S(^A ,Xn,£n) ^ A 
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for the natural extensions of 5„ to slices of A** . Then, the family Un = S** CiW ior n G N 
forms a vr-base of W. Indeed, we consider a relatively weak*-open subset U of W. Due to 
Choquet's lemma (that for any locally convex topology, slices containing an extreme point of a 
compact convex set make up a neighborhood base of the extreme point, see [101 Definition 25.3 
and Proposition 25.13]), there is a slice S** = S[A , x*, e) of A generated by some x* G X* 
and e > such that U D S** n W / 0. Now, according to Proposition 12.21 there is an n G N 
such that 

Sn Q SiA,x\e/2) C S{A** ,x* ,£/2) . 

Then, 5** is contained in the relative weak*-closure of S[A** ,x* ,£/2^ in A**, so S** C S** 
and 

Un = s;; nw Q s** nw Q u. 

(ii) =^ (i). We consider a countable vr-base {Un ■ n G N} of consisting of relatively 
weak*-star open subsets. Again by Choquet's lemma, there are x* G X* and e„ > such 
that 

Un^Un = S{A**,xl,£n) OW ^ (D. 

Let us prove that the slices Sn,m = S{A, x* , 1/m) with n, m G N, form a determining sequence 
for A. Indeed, we denote 5**^ the closed slices of A** generated by x* and 1/m. For every 
slice S = S{A, x*,e) of A, since {Un ■ n G N} is a vr-base of W, there is n G N such that 

S**nW^IJn where S** = S{A**,x*,en), 
so for m G N big enough we have 

s**nw^ Sl*^ n w. 

Then, taking into account that, for every n G N, 

" ~ I I 

mGN 

is a closed face of A** , the Krein-Milman theorem gives us that 

G„ = conv(G„ n VF) 

Therefore, 

7 -a(X**,X*) 

S** D conv(5** n^)''^^ ^ 2 conv | Q S**^ nw\ = G„. 

This means that the intersection of the decreasing sequence of a{X** , X*) compact sets 
{Sn*m '■ m G N} is contained in S**. But 5** is a relatively a{X**,X*) open set in A**, 
so for sufficiently big mGN, all the S**^ are subsets of S** . For these m, we have 

S = S n A ^ Sn,m n A 5 Sn,m- 

Finally, we use the characterization of SCD sets from Proposition 12.21 □ 

The following is an easy consequence of the above result. 

Corollary 6.13. Let X be a Banach space and let A be a bounded convex subset of X. If A 
is SCD, then (^ext(^A**) , a{X** , X*)^ is separable. 

The particular case of the above corollary for subsets of separable Banach spaces without 
copies of £i should be previously known. Anyway, we include an easy direct proof of this fact. 
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Remark 6.14. Let X be a separable Banach space without copies ofii and let A be a convex 
bounded subset of X . Then, (^ext(^A**^,a{X** ,X*)^ is separable. Indeed, we write 

C = conv(ext(]4**)) 

and we observe that C is (t(X**, X*)-sequentially dense in its weak*-closure A** (see [I2j 
Theorem 4.1]). Then, we take a sequence {y„ : n G N} dense in A and we consider those 
extreme points of A needed to approximate each y„ by a sequence of convex combinations. 
The union of all these extreme points (while countable) is weak*-dense in the set of all extreme 
points of A by the reversed Krein-Milman theorem. 

7. Open questions 

Question 7.1. Let X be a Banach space and let A be a convex bounded subset of X. If A 
is SCD, does A have a countable vr-base for the weak topology? 

Question 7.2. Let X be an SCD space. Does every convex bounded subset of X have a 
countable vr-base for the weak topology? 

Related to these questions is the following one. 

Question 7.3. Let L be a compact subset of a locally convex space and let K be its closed 
convex hull. If L has a countable vr-base, does it imply that K also has a countable vr-base? 
What if L = ext(i^)? 

Let us explain why this question is related to the above two. Observe that if I? is a dense 
subspace of a topological space E and ;S is a vr-base for E, then {B (ID : B € B} is a vr-base 
for D. In particular, if {A ,a{X** , X*)) has a countable vr-base, then so does {A,a{X, X*)). 
Thus, a positive answer to the preceding question combined with Theorem 16.121 would imply 
a positive answer to Questions 17.11 and 17.21 

Questions 7.4. 

(a) Is every Banach space with unconditional basis SCD? 

(b) A simpler case: let X be a Banach space with 1-symmetric basis. Is Bx an SCD set? 

Question 7.5. Are the concepts of SCD sets and almost-SCD sets equivalent (see Remark 1431 
for the definition)? 

Questions 7.6. Let X be a separable Banach space such that no subspace of it can be 
renormed with the Daugavet property. Is X SCD? 

Questions 7.7. 

(a) Is the sum of two SCD-operators an SCD-operator? 

(b) Is the sum of two hereditary-SCD-operators a hereditary-SCD-operator? 
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